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1. INTRODUCTION 
“Clifford theory” comprises all topics arising with representations of 
(finite) groups and those of their normal subgroups and quotient groups, the 
basic contributions being due to A. H. Clifford. In this paper we are 
concerned with blocks of characters in the sense of Brauer. An extensive (but 
rather abstract) Clifford theory of blocks has been developed by Dade [ 3). 
We shall require, however, only some elementary facts on blocks and normal 
subgroups. Our approach is “classical” dealing with (Brauer) characters, 
decomposition and Cartan matrices etc. We will discuss some kinds of 
extreme situations for both the ordinary and the modular characters in 
blocks, ending up with the concept of isomorphic blocks. 
Throughout we fix a finite group G with normal subgroup N and quotient 
group Q = G/N. We also fix a prime p and a p-modular system (K, R, k), 
i.e., R is a complete discrete valuation ring with quotient field K of charac- 
teristic 0 and residue class field k = R/(n) of characteristic p. For 
convenience we assume that K contains the [Glth roots of unity so that K 
and k are splitting fields for G and N. We always denote by B and b p-blocks 
of G and N, respectively. 
Recall that B is said to cover b if there exist (ordinary) irreducible 
characters x E B and c E b such that < is a constituent of xN, the restriction 
to N ofx. The blocks of N covered by B form a class of G-conjugate blocks 
(Brauer [2]; a general reference is Feit [5]). In particular, if there are x E B 
and < E b with xN = c, then b is the unique block of N covered by B. 
It is an important task of Clifford theory to examine when a character [ of 
N can be extended to G, i.e., when there exists x such that xN = c. We show 
that if every ordinary irreducible character in b is extendable to G, then so is 
every irreducible Brauer character in b (Theorem 1). This heavily relies upon 
surjectivity of the decomposition map for b. The converse is far from being 
true. Even when every kN-module (belonging to b) is the restriction to N of 
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some kG-module (belonging to some block B), the ordinary irreducibles need 
not extendable. So one requires strong conditions for such a converse. We 
prove that the following statements are equivalent (Theorem 2): 
(i) Restriction gives a l-l correspondence between the irreducible 
Brauer characters in B and b, and Q = G/N is a PI-group. 
(ii) Restriction gives a l-l correspondence between the ordinary 
irreducible characters in B and b. 
Investigating these conditions further we are led to the concept of 
isomorphic blocks: The blocks B and b are called isomorphic (via 
restriction) provided the restrictions from G to N yield an isomorphism from 
B to b when viewed as categories of (finitely generated) RG- and RN- 
modules, respectively. Then if U and W are RG-modules in B, their 
restrictions to N belong to b and a function f: U+ W is an RG- 
homomorphism whenever it is an RN-homomorphism; every RN-module in b 
arises in this way exactly once. It turns out that the above equivalent 
conditions hold if and only if B and b are isomorphic in this sense (see the 
corollary to Theorem 3). 
This certainly is surprising. In a preliminary version of this paper we 
proved an analogous result but regarding B and b as categories of kG- resp. 
kN-modules. We now realize that an isomorphism of those k-categories lifts 
to R-categories. 
This investigation has been stimulated by work of Alperin [ 1 ] and Dade 
]4] where, in some special situation, an isomorphism is derived between the 
principal blocks of G and N. The author has announced in (71 that one can 
improve Alperin’s result avoiding Dade’s theory of block extensions. (But the 
final remark in [ 71 does not make sense.) Now a detailed discussion is 
presented. It is easily seen that if B and b are isomorphic blocks, they must 
have a common defect group P and G = C,(P)N (Theorem 4). As a matter 
of fact, these rather obvious necessary conditions are also sufficient when 
dealing with principal blocks, i.e., in case P is a Sylow p-subgroup of N 
and G. This is the result of Alperin and Dade. 
2. EXTENDABILITY 
Suppose C; and /3 are irreducible ordinary resp. Brauer characters of N 
which are invariant in G (under conjugation). Then one can associate to <, /3 
obstructions wG([) E H*(Q, K*) and w&I) E H’(Q, k*) such that 6 /I are 
extendable to G if and only if the corresponding cohomology class vanishes 
(see for instance [7]). A useful tool for calculating these obstructions is 
given by restriction to Sylow subgroups and looking at decomposition 
numbers: 
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LEMMA 1. The obstructions oo(r) and coo(p) are uniquely determined by 
the family of all wx([) resp. wx(p) where X/N runs through the Sylow 
subgroups of Q = G/N. If the decomposition number d,, of [ at /3 is nonzero 
and relatively prime to the exponent of H’(Q, k*), then coo([) is mapped onto 
we(p) under a natural homomorphism induced by changing the fields. 
The latter statement essentially is due to Dade; for a simple proof we refer 
to [ 7, Theorem 3 ]. 
THEOREM 1. If every ordinary irreducible character in the block b of N 
is extendable to G, then so is every irreducible Brauer character in b. 
Prooj Let p E b be an irreducible Brauer character. By surjectivity of 
the decomposition map for 6, p is a L-linear combination of the restrictions 
to the p/-elements of the ordinary irreducibles in 6. The latter are G-invariant 
since they are extendable to G. Consequently /I is G-invariant. 
In view of Lemma 1 we can assume that Q is a q-group for some prime q. 
Consider first the situation when q = p. Without loss we may take k = kP to 
be a perfect field. Then k* is uniquely p-divisible and therefore 
H’(Q, k*) = 1. But this implies that /3 is extendable to G (Lemma 1; see also 
[S, p. 1571 for an alternate proof). 
So let q # p. Note that H’(Q, k*) is a q-group. Let D = (d,s) be the 
decomposition matrix of b. If d,, is divisible by q for all c E b (p fixed), the 
determinant of the Cartan matrix C = ‘DD of b would be divisible by q as 
well. But det C is a power of p ([S, p. 2121). Hence there is [E b such that 
d,, f 0 (mod q). As [ is extendable to G, application of Lemma 1 now gives 
o&3) = 1. This completes the proof of the theorem. I 
Remark. The converse to Theorem 1 does not hold in general. This is 
not surprising because there are more ordinary irreducibles in b than 
irreducible Brauer characters, unless b is a block of defect 0 ([5, p. 2321). If 
all irreducible Brauer characters in b are extendable to G, the ordinary 
irreducibles in b need not even G-invariant. A necessary condition for this is 
that G = C,(g)N for all elements g in a defect group of b [S, p. 2601. (By the 
way, in case G is p-solvable the Fong-Swan theorem yields that the number 
of ordinary irreducibles which can be extended equals or exceeds that for the 
irreducible Brauer characters.) 
It can happen that every (finitely generated) kN-module can be extended 
to G without implying that for the ordinary irreducibles. (Example: N is a 
cyclic p-group which is the kernel of a Frobenius group G. Here G has only 
one p-block.) Also, if one knows that all characters are G-invariant, one need 
not have extendability. (Example: N >--) G * Q is a (Schur) stem cover with 
N a nontrivial p-group.) So in order to prove a converse to Theorem 1 one is 
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urged to assume that the Schur multiplicator H,(Q) = H,(Q, I’) of Q is a p’- 
group. See Theorem 5 below for a result in this direction. 
If V is an irreducible I&module affording the Brauer character p, we 
denote by ri the kN-projective envelope of V and by p  ^the (ordinary) 
character of the RN-projective envelope; similar notation with regard to G. 
We write (V, W) = dim, Hom,,J V, IV) for kN-modules V, W, (s, .) also 
denotes the usual scalar product of ordinary characters. 
The following lemma probably is well known; we include a proof for con- 
venience. 
LEMMA 2. Suppose U is an irreducible kc-module and U,. = eV with V 
irreducible. Then i?v = 8 for some integer e  ^> e. Moreover, 
(a) lfQ=GIN is a PI-group, then e  ^= e. 
(b) If e” = 1, then Q is a p’-group. 
Proof Clearly 0, is a projective kN-module. By Clifford the radical 
J(ir,.) i J(o). It follows that P is a direct summand of i’, with multiplicity 
e^> e. By a result of Nakayama o,V is a direct sum of indecomposable 
projective modules being conjugate under G (cf. [S, p. 163 I). But by 
hypothesis V is G-invariant and hence so is P. Thus ri, = St? 
(a) Assume Q is a p’-group. Then the induced module Vc is 
completely reducible (e.g., [ 7, Proposition 21). Hence by Frobenius 
reciprocity 
e = (UN, V) = (U, v”) = (0, v”) = (ii,, V) = 6. 
(b) Let X/N be a Sylow p-subgroup of Q, and let W = U,. By 
assumption W, = V and so W is irreducible. We even have (ox), = P and 
so ox is indecomposable. We conclude that I@= ox. Application of a 
theorem by Green [S, p. 1511 yields that v* is indecomposable. (Note that P 
is absolutely indecomposable.) By Frobenius reciprocity (fl’, W) = 
( p, V) = 1. Clearly px is projective. Hence we obtain px = @ and dim @‘I= 
IX : N] dim I? Now @‘N = P implies that X = N, as required. 1 
THEOREM 2. For the blocks B and b the following are equivalent: 
(i) Restriction is a l-l correspondence between the irreducible Brauer 
characters in B and b, and Q = G/N is a p’-group. 
(ii) Restriction is a l-l correspondence between the ordinary 
irreducible characters in B and b. 
Proof: (i) =x (ii) Observe first that b is G-invariant (under conjugation), 
because any irreducible Brauer character in b is invariant in G. Therefore b 
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is the unique block of N covered by B. Hence if x E B is an ordinary 
irreducible, every constituent of xN belongs to b. As Q is a @-group, by 
Lemma 2 every projective kN-module in b is the restriction to N of some 
unique (up to isomorphism) projective kG-module in B. It follows that the 
Cartan matrices of B and b are equal. 
Let x E B and [E b be ordinary irreducibles with (&, (;) # 0. By 
hyppothesis we can arrange the irreducible Brauer characters in B and b via 
a, tt oN. Let d,, and d5m,v be the decomposition numbers. We can write 
on p/-elements. By Clifford xN = eX C, cg where g runs through a transversal 
to the inertia group Z(c) of c in G. But CR = c on @-elements since all qDn; are 
G-invariant. Using the linear independence of (qpN; rp E B) we get dcRqv = dr,, 
for all g. We also obtain that d,, = e,tcdSQ,v, where tl = 1 G: I([)[ is the 
number of G-conjugates of <. 
Let T be a set of representatives for the G-conjugacy classes of irreducible 
characters in b. By Brauer [2] every [ E T is a constituent of some xN, x E B. 
Calculating the diagonal of the Cartan matrices we obtain, for each (D E B, 
and 
Here equality holds only if there is to any [ E T with dJoZ. # 0 exactly one 
x f B satisfying kYN, [) # 0, and for that the ramification index ex = 1. Hence 
from c,, = coNQN for all cp E B it follows that ex= 1 = tl for all x, [ and 
xN#& for x#x’ inB. 
(ii) * (i) Again b is the unique block of N covered by B, because now 
all ordinary irreducibles in b are G-invariant. Let U be an irreducible kG- 
module affording the Brauer character q E B. Then each irreducible 
constituent V of U, belongs to b. Let /I be the Brauer character of I’. Since p 
is a B-linear combination of the restrictions to @-elements of the ordinary 
irreducibles in b, which are G-invariant, V is G-invariant. Thus U, = eV and 
0N = e*P for integers C > e (Lemma 2). 
By hypothesis we can arrange the ordinary irreducibles in B and b via 
x H xN. Then 
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Since the set (x~ ; x E B) is linear independent over K, from $,V = @ we 
conclude that d,, = e^ . dx,o for all x. Hence all entries in the rp-column of the 
decomposition matrix D of B are divisible by e^. But the elementary divisors 
of D are all 1 and D has at least as many rows as columns. (The latter 
follows from nonsingularity of the Cartan matrix ‘DO.) From this we deduce 
that t?= 1. Consequently o,V = P and U, = V, and Q is a p’-group 
(Lemma 2). 
Suppose W is another kG-module in B such that W, = V. Let v be the 
Brauer character of W. As before $, = p = 4,. We infer that d,& = dzQ for all 
x and thus that even @ = 9. Application of a theorem by Swan (cf. 
[ 5, p. 1011) now gives that the RG-projective envelopes of W and U are 
isomorphic. Hence I? = ir and W = U. 
Finally, by Brauer ]2 ] to any irreducible Brauer character /3 E b there 
exists cp E B such that /3 occurs in o,V (see also 15, p. 2241). Hence we are 
done. 1 
The equivalent conditions of Theorem 2 imply that the blocks B and b 
have equal decomposition and Cartan matrices. This indicates that the 
blocks are closely related, a fact which will be made precise in the next 
section. 
3. ISOMORPHIC BLOCKS 
We consider the blocks B and b as categories of (finitely generated) RG- 
and RN-modules, respectively. Whenever we say B and b are isomorphic, we 
mean as such categories and via restriction. (Nevertheless we shall continue 
to classify also characters into these blocks.) 
Let f, and FB = f,(RG) denote the block idempotent and block ideal of 
RG associated to B; similar notation with regard to b. 
THEOREM 3. The following conditions are equivalent: 
(i) B and b are isomorphic (via restriction). 
(ii) y ++ f, y is an isomorphism of R-algebras (with identity) from Fb 
onto F,. 
Proof. Let z: Fb -+ F, be the map given by r(y) = f, y. 
(i) + (ii) Clearly z is a homomorphism of R-algebras. Since b is G- 
invariant and covered by B, fb is in the centre of RG and f,fb = f, (cf. 
(5, p. 2671). Hence the map preserves identities. By hypothesis rp ++ (P,,, and 
4 ++ 6, are I-1 correspondences between the irreducible Brauer characters 
and projective indecomposable characters, respectively, belonging to B and 
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b. (This is all we use for proving the implication.) From Osima’s description 
of block idempotents (5, p. 253) we obtain that 
where z has its support outside N, i.e., z = CREG rg g with rg = 0 for g E N 
(m E R). As / Ql f’ = fb + / Qi z f 0 (mod rc), / Ql is a unit in R (cf. 
Lemma 2). If y E Fb = f,(RN), then fb y = y and zy has its support outside N 
as well. Hence f, y = 0 implies y = 0 and so I is injective. 
Now F, is the direct sum of indecomposable projective modules, the 
multiplicity of each isomorphism type being the dimension of the 
corresponding (absolutely irreducible) head; the same holds for F,. We 
deduce that FB and Fb have the same R-rank. Consequently the (injective) 
map 1 is at least surjective mod x, i.e., 
But by completeness 7zFg c J(F,) and therefore FR = f,Fb by Nakayama’s 
lemma. 
(ii) + (i) Recall that B can be identified with the category of (unitary, 
finitely generated) F,-modules, the block ideals different from FR anni- 
hilating; analogous statement for b. Now any such F,-module CT can be 
viewed as an F,-module via I, i.e., defining 
uo Y=u(f,.Y)=u.Y 
for y E F,, u E U. We see that this F,-module (U, 0) is nothing but u,, the 
restriction to N. Conversely, every VE b gives rise to an FB-module via I- ‘, 
and the resulting RG-module I.7 belongs to B and satisfies U, = V. The 
remainder is straightforward. 1 
COROLLARY. B and b are isomorphic if and only if one of the two 
equivalent conditions of Theorem 2 holds. 
Proof. From condition (i) in Theorem 2 and Lemma 2 it follows that 
@- $, is a l-l correspondence between the indecomposable projective 
characters of B and b. This is sufficient for proving the implication (i) 3 (ii) 
of Theorem 3. Thus B and b are isomorphic. The converse is obvious. 1 
Note 1. Suppose B and b are isomorphic. Let P be a subgroup of N, and 
let U be an indecomposable RG-module in B. Then U is relatively P- 
projective if and only if U, is relatively P-projective. In particular, noting 
that Q is ap’-group, we see that U and U, have the same vertices. Of course, 
U,,, is indecomposable also. 
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Note 2. If the block b of N is isomorphic to some block of G, then 6” is 
not defined unless N = G. Assume the contrary, and let p be the central 
character of kG associated to bG. Let B be a block of G isomorphic to b. As 
in the proof of Theorem 3 we may write f, = 1 Ql - ’ fb + z where z has its 
support outside N. Indicating images mod z by writing bars we have 
If B # b”, then p(&) = 0 and p(Y) = -l/l Q/. If B = bG, then p(Jk) = 1 and 
p(Y) = (] Ql - 1)/l Ql. But p(Y) = 0 by definition of bG. 
It is obvious from character degrees that if B and b are isomorphic, they 
must have the same defect. Even more is true: 
THEOREM 4. If the blocks B and b are isomorphic, they have a defect 
group P in common and G = C,(P)N. 
Proof. There are various arguments available showing that B and b have 
the same defect groups. Note that the defect groups of B are subgroups of N 
since Q = G/N is a p’-group by Lemma 2. Observe further that the 
isomorphism from B to b preserves vertices (Note 1). This gives the result 
(cf. [5, p. 2191). 
So let P be a defect group of b (and B). Since defect groups are conjugate, 
the Frattini argument yields G = N,(P)N. We infer that w = C,(P)N is a 
normal subgroup of G. Assume I? # G. It is immediate that the block 6 of @ 
containing the restriction of some ordinary irreducible in B is isomorphic to 
B. Now P is a defect group of 6 and C,(P) E N. Consequently 6’ is defined 
15, p. 1961. But this is impossible (Note 2). i 
Remark. One can disprove the assumption R # G more directly as 
follows. Let 6 be any nontrivial ordinary irreducible character of G with 
ker(6) 3 fl, and let 1 E B be any irreducible. As XR is irreducible so is 16 
(Clifford). One checks that XS E B, i.e., that 
rx(g> &d rx(d 
x(1) J(l) =x(1) 
(mod n) 
for every g E G, r being the index ] G: C,( g)l. Observe that 6(I) is a unit in 
R and that rx( g)/x( 1) = 0 (mod n) for g @ fi [ 5, p. 1801. Since ,$ # x and 
ol4,v = &1)x,, we get the desired contradiction. 
4. PRINCIPAL BLOCKS 
In what follows B, and b, denote the principal p-blocks of G and N, 
respectively. Of course, b, is the unique block of N covered by B, and the 
blocks have full defect, i.e., the defect groups are just the Sylow p-subgroups. 
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From Theorem 4 we know that the blocks B, and b, are isomorphic only 
if Q = G/N is a @-group and G = C,(P)N for some Sylow p-subgroup P of 
N. The aim of this section is to show that these conditions are also sufficient. 
For an alternate approach we refer to Dade [4]. 
LEMMA 3. If G = C,(P)N for some Sylow p-subgroup P of N, then all 
irreducible characters in b, are G-invariant. 
Proof In view of the surjectivity of the decomposition map for 6, it 
suffices to check that any ordinary irreducible c E 6, is G-invariant. Since 
the inertia group Z(c) 1 N, we must show that [” = c for every g E C,(P). 
Fixing such an element g we may tissume that G = (N, g). Then C,(g) 2 
(P, g) and G = C,( g)N. It follows that the index r = ] G : C,(g)] is prime 
to p. As B, covers b,, there is an ordinary irreducible x E B, such that c is a 
constituent of xN. We have 
rx( g>/x( 1) = r (mod n) 
and therefore x(g) # 0. Since G/N is the cyclic group now generated by gN, 
Clifford theory tells us that [” = [ and that xN = [. (This is exactly how 
Alperin argued in [ 11). 1 
THEOREM 5. Suppose G = C,(P)N for some Sylow p-subgroup P of N. 
Then all irreducible Brauer characters in b, can be extended to G. If in 
addition Hz(Q) is a p’-group, the ordinary irreducibles in b, are extendable 
as well. 
Proof Let x=X/N be a Sylow q-subgroup of Q for some prime q. 
Consider first the case q # p. Then P is a Sylow p-subgroup of X and, by 
induction on the length of a chief series off, we obtain from Lemma 3 that 
every irreducible in b, can be extended to X. 
In case x is a p-group (and k perfect) we have H2(x, k*) = 1. Hence 
Lemmas 3 and 1 give the assertion for the Brauer characters. As for an 
ordinary irreducible c E b, , the additional assumption implies that the 
restriction from Q to X maps w&c) E H2(Q, K*) onto the identity. (Use the 
Universal Coefficient Theorem.) Therefore Lemma 1 applies once more. I 
THEOREM 6 (Alperin-Dade). B, and b, are isomorphic (via restriction) 
tf and only if Q = G/N is a PI-group and G = C,(P)N for some Sylow p- 
subgroup P of N. 
Proof. We know that these conditions are necessary (Theorem 4). 
Conversely, assume Q is a p/-group and G = C,(P)N for some Sylow p- 
subgroup P of N. Clearly then H,(Q) is a p’-group too. Let x E B, be an 
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ordinary irreducible and c an irreducible constituent of x,,,. Then c E b, and 
there is a character x’ of G with ,&, = c (Theorem 5). By Clifford x = ~‘6 for 
some irreducible character 6 of Q. Now every element of Q can be written as 
giV with g E C,(P) so that r = 1 G : C,( g)l is prime to p. Since x E B, , 
rx’( g> &N/x( d = r (mod n). 
Consequently 6(gN) # 0 for all g E G. By a well-known theorem of Burnside 
this implies that 6 is a linear character. Thus xN = [. 
Since every irreducible character in b, occurs in this way, we have now 
that x E+ xN is a surjection for the irreducibles in B, and b,. Suppose x, x’ 
are in B, satisfying xN = xh. Then again x = ~‘6 for some linear character 6 
of Q. Since both x and x’ belong to B,, we obtain that 
6(gN)= 1 (mod n) 
for all g E G. As Q is a p’-group, 6 must be the l-character. Consequently 
x’ =x. Apply the corollary to Theorem 3. fl 
Remark. It should be pointed out that the results in this section do not 
carry over to arbitrary blocks (of full defect). One easily constructs a group 
N admitting a p’-automorphism which centralizes a Sylow p-subgroup (# 1) 
of N but does not leave invariant all p-blocks (of full defect). On the other 
hand, let B, be the block of G containing some linear character A, and let b, 
be the block of N containing I,. Clearly b, and B, have full defect. All the 
preceding arguments work also for these blocks. Hence B, is isomorphic to 
b, if and only if the principal blocks are isomorphic. In particular, when the 
principal blocks are isomorphic and A varies over the linear characters of Q, 
the resulting blocks B, of G are precisely those which are isomorphic to b, . 
5. SOME COMMENTS 
I. The ring-theoretic approach used in Section 3 provides for an 
alternate proof of Theorem 2 which might be preferred by some people. 
Suppose condition (i) of that theorem holds. Using Lemma 2 and imitating 
the first part of the proof of Theorem 3, we get that y FP fB y is an 
isomorphism from Fb onto F,. Tensoring with K we obtain an isomorphism 
of K-algebras, and these are semisimple by Maschke. Application of 
Wedderburn’s theorem yields at once that x ++xN is a l-l correspondence 
between the ordinary irreducible characters in B and b. 
Conversely, suppose we have this l-l correspondence. Then K @ F, and 
K @ FB are isomorphic K-algebras (Wedderburn) and so Fb and F, have the 
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same R-rank. Let f, resp. f, denote the centrally primitive idempotents of KG 
resp. RN corresponding to x resp. x,,,. We obtain that 
where zX E KG has its support outside N. Consequently 
f,=$f,=lQl-‘fi+z, 
z = J&, zZ having its support outside N as well. Now proceed as in the 
proof of Theorem 3. 
II. Alperin proved the sufftciency part of Theorem 6 under the 
additional assumption that Q = G/N is solvable. One might ask to what 
extent this hypothesis actually is restrictive. In attacking the question 
whether the principal p-blocks of N and G are isomorphic, one clearly can 
assume that the kernel of 6, is trivial, i.e., O,,(N) = 1. LeJ fl= C,(N)!. 
Having in mind that Q has to be a p/-group, we obtain that N = N X O,(N). 
It is thus evident that the principal blocks of N and 3 are isomorphic. Hence 
we can also assume that C,(N) YZ N. Then Q is the group of outer 
automorphisms of N induced by G. In this situation, is Q solvable whenever 
B, and 6, are isomorphic? 
This leads us to the following. 
Conjecture. Suppose that O,(N) = 1. Then every automorphism group 
of N centralizing a Sylow p-subgroup of N is solvable modulo the inner 
automorphisms. 
The conjecture holds for p = 2 by a theorem of Glauberman [6]. It also 
holds when N is p-constrained (e.g., p-solvable); in this case any such 
automorphism group even is abelian, and N has a unique p-block. 
We finally mention a curious consequence of Lemma 3: If N has only one 
p-block, then an automorphism group of N centralizing a Sylow p-subgroup 
must preserve all conjugacy classes of N. It has been conjectured by several 
authors that the group of class-preserving automorphisms is solvable modulo 
the inner automorphisms. 
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